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The peculiar electron dispersion in Dirac materials makes lowest-order Auger processes prohibited or
marginally prohibited by energy and momentum conservation laws. Thus, Auger recombination (AR) in these
materials is very sensitive to many-body effects. We incorporate them at the level of the GW approximation
into the nonequilibrium Green’s functions approach to AR and study the role of dynamic screening, spectrum
broadening and renormalization in the case of weakly pumped undoped graphene. We find that incorrect treat-
ment of many-body effects can lead to an order-of-magnitude error in the recombination rate. We show that
the AR time depends weakly (sublinearly) on the background dielectric constant, which limits the possibility
to control recombination by the choice of substrate. However, the AR time can be considerably prolonged by
placing graphene under a metal gate or by introducing a bandgap. With carrier cooling taken into account, our
results comply with experiments on photoexcited graphene.
I. INTRODUCTION
Dirac materials, such as graphene [1], topological insula-
tors [2] (e.g., CdHgTe quantum wells [3]), and others [4],
possess an unusual low-energy electron dispersion similar to
that of relativistic electrons in vacuum, thus offering an op-
portunity to observe relativistic quantum effects on a tabletop.
Chiral anomaly [5], Klein tunneling [6], and the formation of
super-critical atoms [7] are among the brightest examples of
high-energy physics phenomena at the nanoscale. Conversely,
the effects prohibited for relativistic electrons by conservation
laws are expected to be prohibited for electrons in Dirac ma-
terials. In particular, high-energy electrons in vacuum cannot
generate electron-hole pairs. In other words, impact ioniza-
tion of the Dirac sea is impossible [8], together with its inverse,
Auger recombination (AR).
A strong suppression of AR in Dirac materials suggests the
possibility of long-lived population inversion and efficient far-
infrared lasing [9, 10]. The latter facts were indeed confirmed
in CdHgTe-based quantumwells, where stimulated light emis-
sion was observed up to 19.5 µm wavelength [11], while the
measured recombination lifetime reached 65 ps at a band gap
of 14 meV and liquid-helium temperature [12]. Despite the
energy-momentum restriction for Auger processes being lifted
in the massless case, population inversion [13] and stimulated
emission [14] persisting over ∼150 fs at ∼2500 K have also
been observed in graphene.
Though the experimentally measured short nonradiative
lifetime in graphene raised almost no doubt, the calculation
of this time remains a challenging issue. The energy and
momentum conservation laws allow AR only between carri-
ers with collinear momenta [15] that occupy zero volume in
phase space. On the other hand, massless Dirac fermions with
parallel momenta have equal velocities and, therefore, inter-
act infinitely long, which is known as the collinear scattering
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singularity [16]. In addition, Coulomb interaction between
carriers moving in parallel undergoes infinitely strong screen-
ing [17] due to the collinear divergence in the Lindhard po-
larization of massless Dirac fermions [18]. In view of the
above, the calculation of the AR rate in the massless Dirac
case would lead to an expression of the form 0 × ∞/∞2 if
higher-order many-body effects are neglected.
These many-body effects affect AR in Dirac materials in
two radically opposite ways. Carrier-carrier scattering results
in a finite quasiparticle lifetime, thus softening the energy
conservation restriction [17]. The Coulomb renormalization
of the Dirac dispersion enhances the quasiparticle velocity in
the massless case [19] and increases the gap in the massive
case [20], thus further prohibiting AR [21]. Therefore, an ac-
curate description of AR inDiracmaterials essentially requires
the inclusion of carrier interaction effects.
An early theoretical study of Auger processes in gapless
graphene was carried out in Ref. [22], where static screening
was assumed and the indeterminate form 0×∞ was evaluated
without a detailed explanation. Later, Auger processes within
the same static screening approximation were included in the
semiconductor Bloch equations to study carrier kinetics in
graphene [23, 24] (see also Ref. [25] and references therein).
A regularization of the 0 × ∞ form involving weak en-
ergy nonconservation (attributed to the finite quasiparticle life-
time), which was performed in Ref. [17], justified the result
of Ref. [22]. At the same time, it was found that the carrier
kinetics within the static screening model disagrees with ex-
periments [26], and this discrepancy was fixed by introducing
dynamic screening (evaluated for slightly noncollinear pro-
cesses to avoid infinite screening and get a nonzero AR rate)
into the regularized expressions [17].
Introduction of dynamic screening after the regularization
was also done in Ref. [27], where the problem of infinite
screening was avoided by broadening the polarizabilities. Ref-
erence [27] also provides a consistent method to calculate
this broadening, in contrast to Ref. [17], where a fixed “non-
collinearity” parameterwas used. However, even this approach
cannot be considered fully satisfactory, as the regularization
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2of expressions for the AR rate should involve dynamic screen-
ing from the very beginning. Indeed, since the screening
shoots up for nearly collinear processes, the use of its collinear
value (i.e., the maximal one) instead of a proper average is
not justified. A more important issue is that considering
only collinear Auger processes, one excludes a whole class of
noncollinear plasmon-assisted processes brought about by dy-
namic screening. Though in principle one could include them
as a separate recombination channel [28], at realistic spectrum
broadening plasmon-assisted and collinear processes are not
well-separated and are better to be treated within a unified
approach.
Surprisingly, there have been no attempts to include the
renormalization of the quasiparticle spectrum in the AR rate
calculations.
In this paper, we develop a method for calculation of the
AR rate in Dirac materials, where AR is forbidden or almost
forbidden by conservation laws. The core of our approach is
the nonequilibriumGreen’s functions (NEGF) formalism [29],
which is a standard tool to treat many-body effects in quan-
tum kinetics [30] and has been successfully used to investigate
AR in parabolic-band semiconductors [31–33]. We find that,
within the GW approximation [34], the AR rate can be ex-
pressed as a product of intra- and interband polarizabilities
timed by the square of the screened interaction and integrated
over the frequencies and wavevectors of virtual photons. The
information about carrier interactions is neatly absorbed into
dressed polarizabilities, which appears to be more convenient
than perturbative expansions of the recombination rate [35].
Though the developed method is general, in this paper we
focus on graphene, the most studied Dirac material. We cal-
culate the AR time in undoped graphene and study the role
of screening by dielectrics and metal gates, as well as of the
possible bandgap. Many-body phenomena, such as spectrum
broadening/renormalization and plasmon-assisted recombina-
tion, are all shown to have a significant impact on the nonra-
diative lifetime. Contrary to the results obtained within the
static screening model [36], we find that the strong intrinsic
screening of collinear processes does not leave much room to
control the AR rate solely by the choice of substrate. More-
over, we show that the presence of polar optical phonons in
high-κ dielectrics may even push the nonradiative lifetime in
the opposite way to what might be expected. We propose
another methods of controlling the AR rate in graphene and
show that it can be reduced almost by an order of magni-
tude under a metal gate and by several orders of magnitude in
gapped graphene. Our results agree with experimental studies
of carrier equilibration in photoexcited graphene [13, 37–39]
if carrier cooling is properly taken into account.
II. METHODS
In this section, we describe the calculation of the AR rate in
weakly pumped undoped graphene. We consider the stationary
case, when slightly different chemical potentials for electrons
and holes are maintained by a continuous pump.
A. Model
We model graphene as a system of two-dimensional Dirac
fermions with the bare single-particle Hamiltonian [20]
hˆ = v0(σx pˆx + σy pˆy) + mσz, (1)
where v0 is the bare Fermi velocity, pˆ is the electron momen-
tum, and σx,y,z are the Pauli matrices. The last term of the
Hamiltonian takes into account the possibility that a bandgap
2m may appear in graphene on certain substrates [40] or upon
chemical doping [41].
Hamiltonian (1) yields the following energies and eigen-
spinors:
sp = s
√
p2 + m2, (2)
Ψsp =
1√
2sp
(√
sp + m e−iϕ/2
√
sp − m e+iϕ/2
)
, (3)
with s = +1 (−1) for the conduction (valence) band and ϕ
the angle between p and x-axis (~ and v0 are generally omitted
throughout this article). Each of these eigenstates comes in g =
4 independent “flavors”, differing in valley and spin projection.
For the following, we will also need the overlap factors:
uss
′
p,p′ = |Ψ†spΨs′p′ |2 =
1
2
(
1 +
p · p′ + m2
sps′p′
)
. (4)
The full second-quantized Hamiltonian of Dirac fermions
interacting via the instantaneous Coulomb interaction reads
Hˆ = Hˆ0 + Vˆe−e =
∑
ν,s,p
spcˆ†νspcˆνsp
+
1
2
∑
ν,ν′
s1,2,3,4
p,p′,q
V1234cˆ†νs3p−qcˆ
†
ν′s4p′+qcˆν′s2p′ cˆνs1p,
V1234 = VR(q)Ψ†s3p−qΨs1pΨ†s4p′+qΨs2p′ .
(5)
Here, cˆ† (cˆ) are the electron creation (annihilation) operators;
ν, ν′ = 1, 2, 3, 4 label fermion flavors, and VR(q) is the Fourier
component of the Coulomb interaction potential, which reads
VR(q) = 2pie
2
κq
[1 − e−2qdg ] (6)
for a two-dimensional graphene sheet embedded in a material
with dielectric constant κ and placed under a metal gate at
distance dg.
We note that the interacting electrons can belong to different
valleys, i.e., ν and ν′ are allowed to be different in (5). This
process being perfectly legitimate was overlooked in some of
the previous works [17, 22], resulting in a missing factor of
two in the expressions for the AR rate.
When graphene is placed on or in a polar dielectric, an im-
portant additional recombination channel may be provided by
the polar phonons in the dielectric [28]. In principle, they could
3be treated by adding two more terms into the Hamiltonian—
namely, the bare phonon term and the Fröhlich electron-
phonon interaction [42]. However, in the Green’s function lan-
guage, phonons just add a new (phonon) propagator to the usual
Coulomb interaction, and the interaction becomes addition-
ally screened by lattice vibrations, VR(q, ω) = 2pie2/[κ(ω)q],
with frequency-dependent dielectric function κ(ω) given by
the Lorentz oscillator model (see Appendix B).
Other mechanisms of recombination typically proceed on
much longer timescales and are not considered in this paper,
though it is straightforward to include them if necessary. In
particular, recombination through intrinsic phonons has been
shown to take tens of picoseconds at room temperature [43],
while the radiative recombination time can be estimated as [44]
τrad ∼
(
e2
√
κ
~c
)−1
c2
v20
~
kT
(7)
and is around hundreds of nanoseconds at room temperature.
B. NEGF approach to Auger recombination
1. Self-consistent GW scheme
Within the nonequilibrium Green’s functions formal-
ism [29], the central quantities are four kinds of Green’s
functions: retarded/advanced, GR/As (p, E), and lesser/greater,
G</>s (p, E). The first two are related to each other,
GAs (p, E) = (GRs (p, E))∗, and to the spectral function
As(p, E) = −(1/pi) ImGRs (p, E), thus providing information
about the quasiparticle spectrum. The last two describe the
distribution of occupied and empty states across this spectrum
and can be expressed in terms of the distribution function
Fs(p, E):
G<s (p, E) = 2piiFs(p, E)As(p, E),
G>s (p, E) = 2pii(Fs(p, E) − 1)As(p, E).
(8)
In particular, the electron/hole densities are
ne = −ig
∑
p,E
G<c (p, E), nh = ig
∑
p,E
G>v (p, E), (9)
where
∑
p,E
≡ ∫ d2p(2pi)2 dE2pi .
In the equilibriumnoninteracting case, theGreen’s functions
read
G0R/As (p, E) =
Θ(Λ − p)
E − sp ± i0,
G0<s (p, E) = 2pii f (E)δ(E − sp)Θ(Λ − p),
G0>s (p, E) = 2pii( f (E) − 1)δ(E − sp)Θ(Λ − p)
(10)
with f (E) = [exp(E/kT) + 1]−1 (remember that we consider
undoped graphene). Here, we have introduced a sharpmomen-
tum cutoff Λ necessary to obtain a finite self-energy. Physi-
cally, it reflects the finite extent of the Dirac cones and by the
recombination
rate
FIG. 1. Schematic of the present approach. First, GW equations
are solved iteratively to calculate inter-/intraband polarizabilities and
screened interaction with many-body corrections, which are then
used to find the recombination rate. For illustrative purposes, some
quantities are shown on the momentum-energy plane: lesser/greater
Green’s functions G</> show the distribution of filled/empty states;
imaginary parts of inter-/intraband polarizabilities ImΠR
vc/cc indicate
regions of inter-/intraband excitations; imaginary part of the screened
interaction ImWR provides information about collective excitations;
and imaginary part of the self-energy Im ΣR is minus the scattering
rate.
order of magnitude coincides with the size of the first Bril-
louin zone [20]. We have chosen v0 = 0.85 × 106 m/s and
Λ = 2.5 eV, following Ref. [45].
Many-body interactions are absorbed into the re-
tarded/advanced self-energies ΣR/As (p, E), which enter the in-
teracting (“dressed”) Green’s functions:
GR/As (p, E) =
Θ(Λ − p)
E − sp − ΣR/As (p, E) ± i0
. (11)
Their real and imaginary parts describe the renormalization
and broadening of the quasiparticle spectrum, while their
energy dependence may lead to additional spectral features
like plasmon satellites observed in doped graphene [46].
G</>s (p, E) can be calculated through (8) with the same equi-
librium distribution function Fs(p, E) = f (E).
Now, the full complexity of the many-body problem is en-
coded in the self-energies, and we need to resort to approxi-
mations in order to make the self-energy calculations feasible.
We have chosen the advanced yet tractable self-consistentGW
approximation, which captures all the many-body effects we
are going to consider.
Calculations within this approximation proceed as fol-
lows [34] (see Fig. 1). The retarded self-energy is approxi-
mated as
ΣRs (p, E) = i
∑
s′,q,ω
(
GRs′(p + q, E + ω)W<(q, ω)uss
′
p,p+q
+ G<s′(p + q, E + ω)W A(q, ω)uss
′
p,p+q
) (12)
(Hartree contributions from electrons and holes mutually can-
cel in neutral graphene).
4The advanced screened interactionW A(q, ω), as the complex
conjugate of the retarded screened interaction WR(q, ω), is
related to the retarded polarizability ΠR(q, ω):
W A(q, ω)∗ = WR(q, ω) = V
R(q, ω)
R(q, ω)
=
VR(q, ω)
1 − VR(q, ω)ΠR(q, ω),
(13)
while the lesser screened interactionW<(q, ω) is related to the
lesser polarizability Π<(q, ω):
W<(q, ω) = Π<(q, ω)|WR(q, ω)|2 + V
<(q, ω)
|R(q, ω)|2 . (14)
Here, the second term is related to the substrate polar
phonons, which are assumed to have the Bose-Einstein
distribution nB(ω) = [exp(ω/kT) − 1]−1, so V<(q, ω) =
2inB(ω) ImVR(q, ω) (cf. Eq. (8); − ImVR(q, ω) plays the
role of a spectral function for electromagnetic modes in the
dielectic, including optical phonons).
The polarizabilities, in turn, are approximated as
ΠR/<(q, ω) =∑s,s′ ΠR/<ss′ (q, ω),
ΠRss′(q, ω) = −ig
∑
p,E
(
GRs′(p + q, E + ω)G<s (p, E)uss
′
p,p+q
+ G<s′(p + q, E + ω)GAs (p, E)uss
′
p,p+q
)
,
(15)
and
Π<ss′(q, ω) = −ig
∑
p,E
G<s′(p + q, E + ω)G>s (p, E)uss
′
p,p+q, (16)
closing the self-consistency cycle (note that conventions on
signs and ordering of the band indices may differ in the litera-
ture).
Actual calculations are performed in reverse order, starting
from noninteracting Green’s functions and iterating Eqs. (8)
and (11) to (16) until convergence is achieved: G0 → Π0 →
W0 → Σ0 → G1 → Π1 → W1 → Σ1 → ...
All the integrals can be cast in the form of convolutions and
efficiently evaluated via the fast Fourier transform between
frequency/time [47] and the fast Hankel transform between
momentum/position [48].
2. Calculation of recombination rate
In the case of a weak pump, the recombination rate can
be found using equilibrium Green’s functions calculated self-
consistently as described in the previous section (the case of
a strong pump is more complicated and remains beyond the
scope of this article, see Conclusions). A weak pump does
not alter significantly the quasiparticle spectrum, but changes
the distribution of carriers to that with separate Fermi levels
µc = −µv  kT :
Fs(p, E) = 1exp[(E − µs)/kT] + 1 (17)
(the use of the Fermi-Dirac distributions with band-dependent
Fermi levels is justified by the fast intraband equilibration com-
pared to recombination). That means that GR/As (p, E) remain
unchanged, whileG</>s (p, E) are updated according to (8), and
the carrier density increases by nnoneq ≡ n − neq. The popula-
tions of each band ne(t), nh(t) are kept constant by the balance
between the pump and recombination. Omitting pump terms
from the Kadanoff-Baym (quantum kinetic) equations [30], we
obtain the total recombination rate [31, 32]:
R = −∂ne(t)
∂t
= g
∑
p,E
[
G<c (p, E)Σ>c (p, E) − G>c (p, E)Σ<c (p, E)
]
.
(18)
This expression encompasses all the types of recombination
considered in the present model—namely, AR and recombi-
nation via substrate phonons. We stress that in our model,
recombination via emission of plasmons [28] should not be
added as a separate channel, since we do not consider their
coupling to free electromagnetic modes and assume all of
them eventually decay into single-particle excitations.
Within the GW approximation, the AR rate can also be
written as [31]
RGWAuger = 8
∑
q,ω
[nB(ω − ∆µcv) − nB(ω)]
× ImΠRcc(q, ω) ImΠRvc(q, ω)
WR(q, ω)2
+ 4
∑
q,ω
[nB(ω − ∆µcv) − nB(ω + ∆µcv)]
× ImΠRcv(q, ω) ImΠRvc(q, ω)
WR(q, ω)2
(19)
(∆µss′ ≡ µs − µs′). The first term describes the usual AR
(cc ↔ vc and cv ↔ vv processes, which have equal rates
in undoped graphene due to the electron-hole symmetry), the
second one describes strongly suppressed by conservation laws
“double recombination” (cc↔ vv process).
Equation (19) with free-particle polarizabilities and dielec-
tric function might be obtained from Fermi’s golden rule.
However, in our method Eq. (19) includes dressed polarizabil-
ities, which conveniently absorb all interaction effects within
the GW approximation.
Using Eq. (19), it is easy to observe the pathology of
zero phase space and infinite interaction time, as well as the
method for curing it. When many-body corrections are ne-
glected, ImΠRcc is nonzero in the region of intraband excita-
tions, −q ≤ ω ≤ q, while ImΠRvc is nonzero in the region
of interband excitations, ω ≥ q. These regions overlap only
along the line ω = q, where both polarizabilties have square-
root singularities [18]. Therefore, one faces the integration of
an infinite function over a region of zero measure. It has been
shown that this 0 × ∞ limit can be found if one allows for in-
5finitesimal energy non-conservation, the result being [17, 22]
RAuger = g2v0
(
1 − e− ∆µcvkT
) ∫ ∞
0
dp1234
(2pi)4
√
p1p2p3p4
× f (p1) f (p2) f (p3) f (−p4)|WR(p1 + p3, p1 + p3)|2
× 2piδ(p1 + p2 + p3 − p4)
(20)
if the exchange terms are neglected (they are not captured by
the GW approximation).
The situation is further complicated when one remembers
that the Coulomb interaction is screened by the same divergent
polarizabilities, so Eq. (20) with dynamic screening yields
zero AR rate [17]. Naturally, these singularities are washed
out when quasiparticles acquire a finite lifetime.
Looking at Eq. (19) with dressed polarizabilities and
screened interaction, one could identify two regions in the
(q, ω) plane which provide the largest contributions to the AR
rate. The first one is the region of collinear processes, ω ≈ q,
where ImΠRcc×ImΠRvc is maximal. The second one lies around
the plasmon dispersion, whereWR is large, and can be called
the region of plasmon-assisted recombination. In practice,
when a realistic quasiparticle lifetime is used, these two re-
gions usually become broad enough to be indistinguishable.
They may become better separated in doped graphene, where
the plasmon spectrum is sharper and lies farther away from the
ω = q line.
In polar substrates, there are surface polar phonon modes
(SPPs) that are the origin of dispersion and intrinsic dielectric
loss (Im κ(ω) > 0) and provide an additional recombination
channel [28]:
RGWSPP = 4
∑
q,ω
[nB(ω − ∆µcv) − nB(ω)]
× ImΠRvc(q, ω)
ImVR(q, ω)
|R(q, ω)|2 .
(21)
In practice, the separation of the total recombination rate into
Auger and SPP contributions is not fully justified, because
the interaction between SPPs and carriers in graphene gives
rise to additional branches of collective excitations [28, 42],
which enhance AR via anti-screening (
R(q, ω) < R(q, 0))
the same way as ordinary plasmons do.
III. RESULTS AND DISCUSSION
A. Auger recombination in graphene: Role of dielectric
environment, gate, and bandgap
We first present our results for the simplest case of graphene
in a dispersionlessmediumwith dielectric constant κ at temper-
ature T . Using dimensional arguments, it is possible to show
that the AR time τAuger = nnoneq/RAuger, when expressed in di-
mensionless form ~τ−1Auger/kT , can depend only on two dimen-
sionless parameters: the bare coupling constantα0 = e2/(~v0κ)
and the ultraviolet cutoff expressed in units of temperature,
Λ/kT (Fig. 2). One might anticipate τ−1Auger ∝ α20 because the
Λ = 100 kT
Λ = 30 kT
Λ = 10 kT
kT
FIG. 2. Dimensionless Auger recombination rate in weakly pumped
undoped graphene vs the bare coupling constant α0 = e2/(~v0κ) at
different values of the ultraviolet cutoffΛ. Fromnowon, all the results
are obtained from Eq. (19) with GW polarizabilities as described in
Methods, unless indicated otherwise.
AR rate is proportional to the Coulomb interaction squared.
However, this is realized only at very small α0. At intermediate
α0, screening by intrinsic carriers comes into play, reducing
T = 30
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FIG. 3. Auger recombination time in weakly pumped undoped
graphene vs the background dielectric constant at different temper-
atures. Static dielectric constants of several common materials are
indicated on the top. Circles denote full recombination times [Eq. (19)
+ Eq. (21)] calculated using frequency-dependent dielectric functions
of hafnium dioxide (filled circle) and hexagonal boron nitride (open
circle). These dielectric functions are presented in Appendix B.
The dielectric function of HfO2 is taken from Ref. [49], where the
static value κ0 ≈ 14 was obtained instead of the more common value
κ0 ≈ 25.
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FIG. 4. Auger recombination time in weakly pumped undoped
graphene vs the distance from a metal gate at room temperature
and different dielectric constants κ. Inset: normalized recombination
rate ~τ−1Auger/kT vs effective coupling constant including the effect
of gate screening αeff = α0[1 − exp(−2qT dg)], where qT = 2kT is
the “thermal wave vector”. Solid lines: Λ = 2.5 eV; dashed lines:
Λ = 0.25 eV.
the role of substrate, and linear behavior is observed instead.
At large α0, the AR rate can even drop down, and a pronounced
dependence on the ultraviolet cutoffΛ emerges. This feature is
related to the slowly decaying tails of the quasiparticle spectral
function, which introduce a cutoff dependence into the intra-
band polarizability and, consequently, the screened interaction
(see the discussion at the end of this section).
In Fig. 3 we show the same dependence in dimensional
variables,1 assuming Λ = 2.5 eV [45]. At room temperature,
the AR time is around 1–2 ps, while at elevated temperatures
T = 1000–3000K typical for carriers in photoexcited graphene
it can be as low as several tens of femtoseconds. Remarkably,
the AR rate does not change with varying the background
dielectric constant κ as much as one could expect. Increasing
κ from 5 to 25 leads only to a fourfold suppresion of AR at
room temperature. In practice, embedding graphene into high-
κ dielectrics can even shorten the recombination time due to
the emerging channels of recombinationwith emission of polar
substrate phonons. This shortening for graphene embedded in
hafnium dioxide is illustrated in Fig. 3 by the filled circle. In
contrast, optical phonons in intermediate-κ dielectrics (e.g.,
hexagonal boron nitride) usually lie at higher energies and
have smaller oscillator strengths, therefore having only aminor
impact on AR at room temperature. This is demonstrated with
an empty circle in Fig. 3; AR is slightly suppressed in this case
1 Due to large computational demands, T = 300 K and T = 500 K results
were obtained by extrapolation. The introduced error is comparable to
the errors arising from uncertainty of the cutoff and the neglect of vertex
corrections.
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Bandgap (in units of kT)
FIG. 5. Auger recombination time in weakly pumped undoped
graphene vs the (renormalized) bandgap at room temperature and
different dielectric constants κ. The dashed line shows τAuger ∝
exp(Eg/kT) law.
due to the increase of the dielectric function near the phonon
energy.
Now we move on to the case of graphene under a metal
gate, which can serve as an alternative source of screening.
As shown in Fig. 4, in this way the AR rate can be reduced by
almost an order of magnitude. The form of the modified
Coulomb interaction VR(q) = (2piα0/q)
[
1 − exp(−2qdg)
]
suggests it might be possible to absorb the influence of the gate
into an effective coupling constant αeff = α0[1− exp(−2qT dg)]
with qT being some characteristic wavevector of order kT , and
dg being the distance from the gate. This is indeed possible
at low cutoff, as shown by the dashed lines in the inset. How-
ever, it becomes impossible at larger cutoff (solid lines in the
inset), because the mechanism of the cutoff dependence of the
AR rate involves also processes with large momentum transfer
q  qT , and the above arguments do not apply.
Another option to control the AR rate in graphene is to
introduce a bandgap, e.g., by substrate [40] or chemical dop-
ing [41]. As can be seen from Fig. 5, at small gaps Eg < kT the
effect is minor, but at large gaps the AR time scales according
to the Arrhenius law, τ−1Auger ∝ exp(−Eth/kT) (a typical behav-
ior in gapped semiconductors: carriers involved in AR cannot
have arbitrarily small energies [50]). The threshold energies
Eth are close to Eg as a result of a competition between two
factors. On one hand, conservation laws favor AR processes
involving high-energy carriers, which lie on the approximately
linear part of the spectrum. Near the band extrema, AR re-
quires carriers from tails of the spectral function and is there-
fore power-law suppressed (assuming the spectral function is
Lorentzian). On the other hand, at high energies the number
of carriers drops according to the Boltzmann distribution, and
AR is suppressedmuchmore strongly (exponentially). In prin-
7ciple, spectrum broadening can make AR thresholdless with a
non-exponential dependence on temperature and bandgap [33],
but at the bandgap values presented in Fig. 5 the regime where
carriers from deep inside the gap contribute significantly to the
AR rate is not reached yet. The exponential scaling of the AR
rate with the bandgap allows it to be reduced by several orders
of magnitude, though gapped graphene may be unsuitable for
some applications (e.g., low-THz generation).
B. Comparison with experiments
Carrier equilibration in photoexcited graphene has been in-
vestigated experimentally in a number of works, including
time- and angle-resolved photoemission [13, 37–39], pump-
probe [14], and time-resolved photoluminescence [51] mea-
surements. According to the series of papers by Gierz
et al. [13, 37–39], who were able to track the time evolution
of the carrier distrubutions in graphene after photoexcitation,
the carrier dynamics in photoexcited graphene proceeds in the
following stages: (i) thermalization within each band within a
few tens of femtoseconds; (ii) merging of the chemical poten-
tials for electrons/holes, typically within ∼130 fs; (iii) cooling,
which follows a biexponential decay with ∼100 fs and ∼1 ps
time constants. The ∼130 fs lifetime of the quasiequilibrium
state with population inversion is corroborated by pump-probe
experiments [14], in which negative optical conductivity per-
sisting over a similar timescale was found. In Ref. [51] the
authors found that carriers are not yet fully thermalized 300 fs
after photoexcitation, but the carrier temperature (T ≈ 400 K)
in their experiments was significantly lower than in those men-
tioned above.
At typical parameters realized in these experiments (high-
frequency κ ≈ 3.8 for graphene on SiC, T ≈ 2000 K), our
calculations yield τAuger ≈ 60 fs. Inclusion of recombination
via polar phonons in the SiC substrate does not significantly
change this estimate. At first, it seems to contradict the ex-
perimental value of ∼130 fs. This discrepancy is spurious,
as the experimental time describes the decay of population
inversion (i.e., the merging of quasi-Fermi levels), not of the
nonequilibrium carrier density. This difference is important at
strong nonequilibrium (when the nonequilibrium carrier den-
sity depends on the quasi-Fermi levels nonlinearly) and/or in
the presence of carrier cooling.
Indeed, the density of nonequilibrium electrons is a grow-
ing function of both the quasi-Fermi level and temperature. In
the absence of recombination, cooling pushes the quasi-Fermi
level up to keep the carrier density constant. In the presence of
recombination, the merging of electron and hole quasi-Fermi
levels is slowed down by cooling. Therefore, the recombina-
tion time τr (which characterizes the decay of nonequilibrium
carrier density) is shorter than themerging time of quasi-Fermi
levels τ∆µ (the lifetime of population inversion).
To put this on mathematical grounds, we present a simple
model that provides the means to extract the true recombina-
tion time from experimental data. We introduce four quan-
tities: the carrier temperature T , the difference between the
electron and hole quasi-Fermi levels ∆µ, their merging time
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FIG. 6. How to compare theory with experiment: relation between
the true recombination time τr in quasiequilbrium graphene, the
merging time of quasi-Fermi levels τ∆µ , and the cooling time τT .
Left column: undoped case; right column: the Fermi energy equals
2kT , as typically occurs in experiments with photoexcited graphene
on SiC.
τ∆µ = −∆µ (d∆µ/dt)−1, and the instantaneous cooling time
τT = −T (dT/dt)−1, all of which can be obtained in time-
resolved photoemission [37] or multi-color pump-probe exper-
iments [52]. Given these quantities at some particular moment
of time, it is easy to obtain the true recombination time τr at
this moment using the identity
dn
dt
=
∂n
∂µ
dµ
dt
+
∂n
∂T
dT
dt
⇒ n − neq
τr
=
∂n
∂µ
∆µ/2
τ∆µ
+
∂n
∂T
T
τT
(22)
with n = n(µ = ∆µ/2,T) and neq = n(µ = 0,T). This model
can be straightforwardly extended to the case of finite doping.
The calculated τr as a function of two dimensionless quantities
∆µ/kT and τT/τ∆µ is shown in Fig. 6 in units of τ∆µ (top row)
and τT (bottom row). As can be seen from the top row, τ∆µ may
considerably exceed τr , especially in weak nonequilibrium.
There exist some obstacles to an accurate comparison be-
tween our theory and time-resolved photoemission experi-
ments. The results presented in this paper do not directly
apply to the strongly nonequilibrium case (∆µ & kT), while
small ∆µ remain below the experimental energy resolution.
However, available experimental data still affords some esti-
mates. At t & 100 − 200 fs experiments show no discernible
∆µ, meaning at least ∆µ . kT . Assuming τ∆µ is positive
(Fermi levels converge, otherwise a nonequilibrium distribu-
tion would be observed again), we get τr/τT . 0.2 from the
bottom row of Fig. 6. Taking τT = 700 fs [37], we conclude
that τr . 140 fs on SiC at T ∼ 1500 K, in agreement with our
calculations, which give τr = 80 fs.
8FIG. 7. Impact of the quasiparticle spectrum broadening γsc (re-
ferred to as simply γ in the text) on the Auger recombination time
in graphene, τAuger, at 300 K and two different dielectric constants,
κ = 1 (red lines) and κ = 5 (blue lines). To make the relation between
scattering and recombination clearer, the scattering time τsc = ~γ−1sc
and the “Auger broadening” γAuger = ~τ−1Auger are also shown. Dashed
(solid) lines: the data calculated with static (dynamic) screening. The
results were obtained from Eq. (19); a constant ΣRs (p, E) = −iγsc in-
stead of its GW value was used for calculation of the polarizabilities.
Cutoff Λ = 2.5 eV. Actual γsc at energy ∼kT obtained in our GW
calculations are shown with circles.
C. Role of many-body phenomena
Finally, we examine the influence of different many-body
phenomena on the AR rate in graphene. The main motiva-
tion of this work was to incorporate actual spectrum broaden-
ing into the calculations instead of a rough estimate used in
Ref. [17], as the AR rate is expected to depend crucially on
the precise value of the spectrum broadening (when the latter
tends to zero, the AR rate vanishes). In Fig. 7, we present the
AR time in graphene with a constant broadening γ included
into the spectral function As(p, E) = (γ/pi)/[(E − sv0p)2+γ2].
In the γ → 0 limit, only collinear Auger processes are al-
lowed by conservation laws. When screening is considered
in the static approximation, ε(q, ω) ≈ ε(q, 0) (dashed lines),
these processes experience finite screening, and the AR rate
has a nonzero value at γ → 0 [17, 22]. In contrast, when the
full frequency dependence of the dielectric function is consid-
ered (solid lines), the infinite screening of collinear processes
makes the AR rate vanish as γ ln(CkT/γ) with a constant C
of order unity (see Appendix A), independently of κ (intrinsic
screening dominates over extrinsic).
It might seem surprising at first that at larger γ the inverse
AR time decreases again. However, this behavior is easy to
understand by considering the γ  kT limit, when the density
of nonequilibrium carriers in a strongly broadened Dirac cone
grows as nnoneq ∝ γ∆µ, while the AR rate remains constant
(three frequency integrations with the Fermi-Dirac distribu-
GW without plasmons, 
GW, sta�c, dynamic 
(relaxa�on-�me), 
dynamic (off-shell)
T = 3000 K
FIG. 8. Impact of different approximations for screening on the
Auger recombination time in graphene. Solid red curve: our
GW calculations. Dashed red curve: GW calculations with
ε(q, ω) → max(ε(q, ω), ε(q, 0)) substitution in (19). Green,
blue, black curves were calculated using Eq. (20) for an infi-
nite Dirac cone with infinitesimal broadening [17, 22] and dif-
ferent models of screening. Green curve: static screening,
ε(q, q) → ε(q, 0) [22]. Blue curve: dynamic screening with spec-
trum broadening γ incorporated through “off-shell regularization”
|ε(q, q)|−2 → (1/2) {|ε(q, q + 2γ)|−2 + |ε(q,max(0, q − 2γ))|−2} (in
analogy to Ref. [17]). Black curve: dynamic screening within
relaxation-time approximation ε(q, q) → ε(q, q + 2iγ) (in analogy
to Ref. [27]). γ was taken from our GW calculations as − Im ΣR on
shell at energy kT . High temperature T = 3000 K ensures the pos-
sible cutoff-dependent artifacts of GW approximation are minimal
(cutoff Λ = 2.5 eV).
tions give RAuger ∝ T2∆µ, see Appendix A). In this limit, the
characteristic momentum transfer in AR, ~q ∼ γ, is much
greater than the characteristic energy transfer ~ω ∼ kT , jus-
tifying the static screening approximation (solid and dashed
lines merge). Another unusual feature of the large-γ case is
the enhancement of AR when dynamic screening is used in-
stead of static one. This is attributed to plasmon-enhanced
AR in the (q, ω) regions around the plasmon dispersion where
|ε(q, ω)| < |ε(q, 0)|. We have performed GW calculations
with |ε(q, ω)|−1 clipped at its static value (dashed red curve
in Fig. 8) and found that plasmon-enhanced processes account
for around 40% of the total AR rate (solid red curve in Fig. 8).
Since plasmon-enhanced AR can be viewed as electron-hole
recombination with emission of plasmons followed by their re-
absorption by other carriers, it can be argued that letting plas-
mons decay into free electromagnetic modes instead of getting
reabsorbed might open a route towards efficient graphene-
based THz lasers. This can be achieved by increasing the
coupling between plasmons and free electromagnetic modes
(e. g., by plasmonic gratings).
We also demonstrate the unreliability of simplistic ways
to include the spectrum broadening and screening into the
9AR rate calculations. In previous works on AR in graphene,
spectrum broadening was usually not considered explicitly
(with exception of Ref. [53]). Instead, in Ref. [22] the limit
of zero spectrum broadening was considered within the static
screening approximation, and Eq. (20) comprising only strictly
collinear processes was obtained. Later, the same expression
was used with dynamic screening, and spectrum broadening γ
was taken into account either by taking the dielectric constant
for slightly noncollinear processes, assuming some particles
are off shell (ε(q, q ± 2γ) instead of ε(q, q)) [17], or by us-
ing an advanced version of the relaxation-time approximation
(ε(q, q + 2iγ) instead of ε(q, q)) [27], where γ is not constant
and is calculated from in- and out-scattering rates for each
electron state.
Green, blue, and black curves in Fig. 8 show the results
obtained using Eq. (20) within different models of screen-
ing: static [22] (green), “off-shell dynamic” [17] (blue), and
“relaxation-time dynamic” [27] (black). We use a constant
γ obtained from our GW calculations as − Im ΣR on shell at
energy kT (the results do not change significantly if a non-
constant γ is used in the “relaxation-time dynamic” approxi-
mation, as prescribed in Ref. [27]). Surprisingly, we find that
the static screening approximation gives results rather close
to the full GW calculations. This indicates that the enhanced
screening of collinear processes and the weakened screening
of plasmon-assisted processes approximately average to the
static value of screening. The introduction of dynamic screen-
ing increases the AR rate despite the collinear divergence of
unbroadened polarizabilities: at realistic broadening, the “dy-
namical anti-screening” effects reach the collinear region, at
least in the undoped case. The “off-shell dynamic” screening
approximation shows an overall poor performance, especially
at low κ (large γ), because at some wavevectors ε(q, q + 2γ)
is taken precisely at the plasmon dispersion, and the contri-
bution of such processes is therefore strongly overestimated.
It can be cured by considering only ε(q, q − 2γ), but at the
price of completely neglecting the plasmon contributions. On
the other hand, the “relaxation-time dynamic” approximation
shows a better performance, but still worse than the static one.
The successful application of the static screening approx-
imation to AR in graphene in previous works [22–25] can
also be explained by looking at Fig. 7: if actual values of γ
obtained in self-consistent calculations are used (shown with
circles), the results with dynamic screening turn out to be
rather close to the results with static screening in the γ → 0
limit. However, other many-body effects render this early ap-
proach unreliable in some range of parameters (e.g., at room
temperature—compare Fig. 7 and Fig. 3).
These effects are the renormalization of the quasiparticle
spectrum and of the screened interaction. The role of the
former is shown in Fig. 9. At small κ and T spectrum renor-
malization can reduce the AR rate by a factor of two. We
mention that it affects the AR rate not only by strengthen-
ing the conservation law constraints, but also by reducing the
coupling constant.
In real materials, nonlinear dispersion does not require
electron-electron interactions and is present already in a tight-
binding model. The impact of this nonlinearity on the AR
Λ = 100 kT
Λ = 30 kT
Λ = 10 kT
no renormalization
+ renormalization
kT
FIG. 9. Solid lines: the same as in Fig. 2; dashed lines: the
AR rate without renormalization effects (ΣRs (p, E) → ΣRs (p, E) −
Re ΣRs (p, sp) substitution was done at each GW iteration).
time depends on the relative magnitude of this nonlinearity
compared to the spectrum broadening. If the nonlinearity is
smaller, it will not have much effect on the conservation-law
restrictions and, therefore, on the AR time. In graphene, this
effect is rather small up to moderately high temperatures: e.g.,
at T = 1000 K the true asymmetric electron-hole dispersion
deviates from the Dirac cone by ∼ 1.3 meV at E = kT [54],
which is less than the spectrum broadening γ ∼ 13 meV at
κ = 5. Trigonal warping is even weaker [21] (∼0.4meV at the
above parameters), and its influence becomes further reduced
after averaging over angles. In contrast, in CdHgTe quantum
wells deviations from Dirac dispersion become significant al-
ready at several tens of meV [55] and should play a crucial role
in AR at room temperature.
The renormalization of the screened interaction leads to the
cutoff dependence of the AR rate and produces some unex-
pected features in the previous plots (e.g., nonmonotonicity in
Fig. 3 and intersecting curves in Fig. 4). It essentially origi-
nates from long tails of the spectral function, which translate
into long tails of the imaginary part of the intraband polariz-
ability. This affects the real part of the latter via the Kramers-
Kronig relations and therefore enhances screening, suppress-
ingAR. Its influence ismost pronounced at largeΛ/(kT)—that
is, at low temperatures—and at strong coupling.
The reader is probably surprised by such a strong cutoff de-
pendence of observable quantities. We would like to clarify
that this is most likely an artifact of the chosen approxima-
tion. Indeed, incorrect high-frequency behavior of ImΠR
violating sum rules is a known drawback of the self-consistent
GW approximation [56]. We have tried to include spectrum
broadening only in ImΠR, but not in ReΠR, thereby elimi-
nating the strong cutoff dependence from the latter (causality
was restored in the self-energy by using Kramers-Kronig rela-
tions for calculating Re ΣR), and the results indicate that one
should probably use low cutoffs (say,Λ = 5kT) within theGW
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scheme to obtain accurate results. Another argument in favor
of using a low cutoff is that ImΠR tails become increasingly
longer at high cutoffs, leading to an increasingly stronger vi-
olation of sum rules, implying the GW solution moves away
from the exact one. However, holding ReΠR unbroadened is
a rather ad hoc trick, while an accurate resolution of the cutoff
problem would require going beyond the GW approximation
and including vertex corrections, which is a computationally
challenging task. Therefore, we leave this problem for future
studies.
Finally, we comment on the validity of our results in view of
the cutoff problem. Most of our qualitative results are cutoff-
independent and have a simple physical explanation (those that
do not—e.g., the nonmonotonicity in Fig. 2—are not presented
as our main results), therefore they are probably correct. The
comparison with experiments is performed at high tempera-
ture, where the results are justified by the low Λ/kT ratio, as
discussed above. On the other hand, this is not the case for our
room-temperature AR times, which might therefore prove too
long.
IV. CONCLUSIONS
We have developed a general formalism for the calculation
of Auger recombination rates in Dirac materials, where the
electron-hole dispersion is quasi-relativistic. In this case, the
lowest-order Auger processes are prohibited by the energy-
momentum conservation laws, calling for many-body effects
to be considered. We have shown that within the GW approx-
imation, the AR rate can be expressed as the product of the
inter- and intraband polarizabilities timed by the square of the
screened Coulomb interaction [Eq. (19)], and these dressed
quantities conveniently absorb the effects of carrier interac-
tion.
Using the developed formulation, we have shown that
AR in graphene is very sensitive to many-body effects, and
their accurate treatment is essential to obtain the correct AR
rate. These many body effects include: (i) Broadening of
the quasiparticle spectrum due to their finite lifetime. As
the scattering time τsc becomes long, the AR time scales as
τAuger ∝ τsc/ln(const × Tτsc) and tends to infinity in the ab-
sence of scattering. In practice, the limit of long scattering
time is not realized, and the energy-momentum restrictions
for AR are considerably washed out. (ii) The interaction-
driven velocity enhancement near the Dirac point. It implies
the reduction in the effective interaction constant and prolon-
gation of the recombination time. This effect becomes most
important at low dielectric constants and temperatures. (iii)
Plasmon-assisted recombination. Accurate treatment of dy-
namic screening shows that it not only suppresses collinear
Auger processes, but also increases the contribution of non-
collinear processes by anti-screening near the plasmon disper-
sion, so that the AR rate may turn out even larger than in the
static screening model, contrary to the expectations based on
the collinear divergence of the bare polarizabilities [17].
The calculated recombination time τr in undoped graphene
is around 1–2 ps at room temperature on most common di-
electrics and below 100 fs at ∼1500–3000 K, which are the
typical carrier temperatures in photoexcited graphene. We
demonstrate that the experimentally observed lifetime of pop-
ulation inversion τ∆µ is longer than the recombination time
(the lifetime of excess carrier density) τr due to the effect of
carrier cooling, which effectively pushes the quasi-Fermi lev-
els apart. Taking this into account, we show that the available
experimental data [37] restricts the possible values of the re-
combination time in graphene on SiC to τr . 140 fs at 1500
K, in agreement with our calculations, which yield τr = 80 fs.
Our results show that the AR time in graphene depends on
the background dielectric constant κ at most linearly within
the experimentally relevant range. This limits the possibilities
to control the recombination rate in graphene by the choice of
substrate, especially if one takes into account that high-κ di-
electrics provide an additional recombination channel through
substrate polar phonons [28]. However, AR can be readily
suppressed by placing the graphene layer near a metal gate,
which increases the room-temparature AR time from 1 ps at
κ = 5 without gate to 7 ps with gate at 1 nm from graphene.
An even more substantial AR suppression can be achieved in
gapped graphene with Eg > kT . The AR time scales accord-
ing to the Arrhenius law, as τ−1Auger ∝ exp(−Eth/kT) with Eth
close to Eg or slightly more, yielding τAuger ≈ 30 ns at κ = 5,
T = 300 K, and Eg = 0.2 eV (similar parameters are realized
in graphene epitaxially grown on SiC [40]).
As the screening of Coulomb scattering by metal gates was
found to have a strong effect on AR, one might expect the
screening by adjacent graphene layers in multilayer stacks also
to have a strong effect on the carrier dynamics. However, extra
graphene layers not only contribute to screening, but also pro-
vide an extra pathway for recombination. Indeed, the energy
and momentum released upon electron-hole annihilation in
one layer can be transferred to an electron in an adjacent layer.
A similar process has been studied in the context of interlayer
heat transfer [57], and can be easily included in our formalism.
Due to the competition between screening and extra recombi-
nation channels, it is a priori not clear whether adjacent layers
would prolong or shorten the recombination time.
An important future extension of our method would be to
go beyond the GW approximation and study the role of vertex
corrections, both in the polarizability and the self-energy. The
neglect of vertex corrections to the self-energy in Eq. (18)
amounts to the neglect of exchange terms in the AR rate,
which is justifiedwhen the number of fermion flavors g is large,
as is the case in certain Dirac materials. Even in graphene,
with g = 4, the neglect of exchange actually produces much
smaller errors than 1/g = 25 % [17], while in the recently
discovered three-dimensional Weyl semimetal TaAs g is as
large as 16 [58]. However, in three-dimensional topological
insulators typically g = 1 [2], and the exchange terms are
expected to play a significant role. On the other hand, vertex
corrections to the polarizabilities are generally of the same
order as the corrections resulting from “dressing” the Green’s
functions and partially cancel them [59], which might cure the
unexpected strong-coupling behavior of the AR rate arising
from the cutoff dependence of the intraband polarizability.
Another important extension is the study of recombination
11
at strong pumping, which is often realized in photoexcited
graphene and injection lasers. This extension is not straight-
forward. The reason is that a quasi-equilibrium carrier distri-
bution with a high enough population inversion µc − µv may
act as a gain medium for certain plasmon modes, which is
unphysical in steady-state case and renders Eq. (19) divergent
(R(q, ω) turns to zero at some points). This divergence of
Coulomb scattering was noted already in the kinetic theory of
unstable plasma [60] and led to an overestimate of scattering
rates in the early simulations of pump-probe experiments [61].
Thus, the case of a continuous strong pump requires a full
pump+resonator+active medium simulation [62], so that the
plasmonic gain is either removed by spectral hole burning in
the carrier distribution or balanced by loss due to plasmons
leaving the active region, and the divergence disappears. This
divergence also disappears in the case of a pulsed pump, but
time-dependent simulations of carrier kinetics with taking into
account quantummany-body effects (which are essential to de-
scribe AR) require the use of two-time Green’s functions [30]
and are computationally demanding.
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Appendix A: Dependence of the AR rate in graphene on the
spectrum broadening
At γ  kT , the main contribution to the AR rate is
from the ω ≈ q region, where the polarizabilities exhibit
square-root singularities [18], ΠR
cc/vv ∝ 1/
√
ω2 − q2 and
ΠRvc ∝ 1/
√
q2 − ω2 (ΠRcv is smooth there), while the screened
Coulomb interaction WR ≈ −1/ΠR approaches zero. Af-
ter factoring out the square roots, the remaining integrand
in Eq. (19) stays finite (divergences of the Bose functions
are cancelled by zeros of the polarizabilities) and gives a γ-
independent factor. cc→ vv process is strongly suppressed by
conservation laws and can be neglected. ω→ ω+ iγ substitu-
tion in the retarded Green’s function approximately translates
into ω → ω + 2iγ substitution in the polarizabilities, and
Eq. (19) becomes
RAuger ∝
∑
q,ω
Im
1√(ω + 2iγ)2 − q2 Im 1√q2 − (ω + 2iγ)2
× (ω + 2iγ)2 − q2 ∝∑
q
∫
dω Im
(ω + 2iγ)2 − q2
|(ω + 2iγ)2 − q2 |
∝
∑
q
∫
dω
γω√(ω2 − 4γ2 − q2)2 + 16ω2γ2
∝
∑
q
γ arcsinh
ω2 + 4γ2 − q2
4γq
ωmax
ωmin
.
(A1)
The ω and q integrals are cut off at ∼ ±kT by the Bose
functions and the Coulomb interaction (the latter decays like
1/q at q  ω, kT), and (A1) yields RAuger ∝ γ ln(CkT/γ)with
C of order unity (numerical calculations depicted in Fig. 7
yield C ≈ 0.14).
To provide an estimate of RAuger in the γ  kT case, it
is more convenient to rewrite Eq. (19) in terms of spectral
functions [32] in a form resembling the Fermi Golden Rule:
RAuger = 2pig2
∑
p1,2,3,4
∫
dE1,2,3,4WR(p1 − p3, E1 − E3)2 ucvp1,p3uccp2,p4
× Ac(p1, E1)Ac(p2, E2)Av(p3, E3)Ac(p4, E4)
× { fc(E1) fc(E2)[1 − fv(E3)][1 − fc(E4)]
− [1 − fc(E1)][1 − fc(E2)] fv(E3) fc(E4)}
× (2pi)2δ (p1 + p2 − p3 − p4)
× δ (E1 + E2 − E3 − E4) .
(A2)
Now we examine it term by term. The delta functions
remove one momentum and one energy integration. The
distribution functions constrain the remaining frequency in-
tegrals to |Ei | . kT . The momentum integrals are con-
strained to pi . γ by the spectral functions. The screened
Coulomb interaction can be taken in the static approximation
since pi ∼ γ  Ei ∼ kT , and is of order 1/γ. Finally,
the overlap factors lie between 0 and 1 and are of order 1
on average. In view of the above, at γ  kT the pure re-
combination term is proportional to γ6T3γ−2γ−4 = T3. After
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subtracting generation, we get RAuger ∝ T2(µc − µv). On the
other hand, the density of nonequilibrium carriers acquires a γ
dependence: nnoneq ∝
∬
d2p
∫
dEA(p, E)[ fc(E) − f eqc (E)] ∝
γ2Tγ−1(µc− µv)/T = γ(µc− µv), so the inverse recombination
time scales as T2/γ.
In the above arguments all the integrals were assumed to
be convergent. Actually, this is not the case, because the den-
sity of states of a 2D Dirac cone with constant broadening
diverges logarithmically: DOS(E = 0) = g
∬
d2p
(2pi)2 A(p, E =
0) ≈ g2pi2 γ ln Λγ , adding a cutoff dependence to the above es-
timates. However, it does not change the main trends, and
the estimates derived in this section comply with numerical
calculations.
Appendix B: Model dielectric functions
The phonon-induced frequency dependence of a dielectric
function is usually described by the Lorentz oscillator model:
κ(ω) = κ∞ +
N∑
i=1
(κi−1 − κi)ω2i
ω2i − ω(ω + iγi)
, (B1)
whereωi and γi are the frequencies and the damping constants
of N transverse optical modes, and κi are the intermediate
dielectric constants related to the oscillator strengths and the
frequencies of longitudinal modes (κ0 is the static dielectric
constant; κN ≡ κ∞ is the high-frequency dielectric constant).
The parameters we used are presented in Table I.
TABLE I. Parameters of the dielectrics considered in this article.
i ωi (meV) γi (meV) κi
HfO2a
0 14.2
1 23.2 26.8 12.4
2 31.6 5.6 10.3
3 41.8 7.7 6.2
4 50.0 7.0 4.4
5 62.7 6.7 3.9
6 73.8 3.2 3.8
hBN b
0 7.0
1 95.1 4.3 6.8
2 169.5 3.6 5.0
6H-SiC c
0 10.0
1 98.4 0.6 6.7
a Reference [49].
b Reference [63].
c Reference [64]. Note that we consider graphene on SiC and take
κ(ω) = (κSiC(ω) + κair(ω))/2 = (κSiC(ω) + 1)/2. The dielectric constants
listed in this Table apply to κSiC(ω).
[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I.
Katsnelson, I. V. Grigorieva, S. V. Dubonos, and A. A. Firsov,
“Two-dimensional gas of massless Dirac fermions in graphene,”
Nature 438, 197–200 (2005).
[2] Xiao-Liang Qi and Shou-Cheng Zhang, “Topological insulators
and superconductors,” Rev. Mod. Phys. 83, 1057–1110 (2011).
[3] B. Andrei Bernevig, Taylor L. Hughes, and Shou-Cheng Zhang,
“Quantum spin Hall effect and topological phase transition in
HgTe quantum wells,” Science 314, 1757–1761 (2006).
[4] T. O.Wehling, A.M. Black-Schaffer, and A. V. Balatsky, “Dirac
materials,” Adv. Phys. 63, 1–76 (2014).
[5] Xiaochun Huang, Lingxiao Zhao, Yujia Long, Peipei Wang,
Dong Chen, Zhanhai Yang, Hui Liang, Mianqi Xue, Hongming
Weng, Zhong Fang, Xi Dai, and Genfu Chen, “Observation of
the chiral-anomaly-induced negative magnetoresistance in 3D
Weyl semimetal TaAs,” Phys. Rev. X 5, 031023 (2015).
[6] N. Stander, B. Huard, and D. Goldhaber-Gordon, “Evidence
for Klein tunneling in graphene p−n junctions,” Phys. Rev. Lett.
102, 026807 (2009).
[7] Yang Wang, Dillon Wong, Andrey V. Shytov, Victor W. Brar,
Sangkook Choi, Qiong Wu, Hsin-Zon Tsai, William Regan,
Alex Zettl, Roland K. Kawakami, Steven G. Louie, Leonid S.
Levitov, and Michael F. Crommie, “Observing atomic collapse
resonances in artificial nuclei on graphene,” Science 340, 734–
737 (2013).
[8] Fedir T. Vasko and Oleg E. Raichev, Quantum Kinetic Theory
and Applications: Electrons, Photons, Phonons (Springer Sci-
ence & Business Media, 2005) Chap. 13, p. 660.
[9] V. Ryzhii, M. Ryzhii, and T. Otsuji, “Negative dynamic con-
ductivity of graphene with optical pumping,” J. Appl. Phys. 101,
083114 (2007).
[10] V. Ryzhii, M. Ryzhii, V. Mitin, and T. Otsuji, “Toward the
creation of terahertz graphene injection laser,” J. Appl. Phys.
110, 094503 (2011).
[11] S. V.Morozov, V.V. Rumyantsev,M.A. Fadeev,M. S. Zholudev,
K. E. Kudryavtsev, A. V. Antonov, A. M. Kadykov, A. A. Du-
binov, N. N. Mikhailov, S. A. Dvoretsky, and V. I. Gavrilenko,
“Stimulated emission from HgCdTe quantum well heterostruc-
tures at wavelengths up to 19.5 µm,” Appl. Phys. Lett. 111,
192101 (2017).
[12] S. V. Morozov, M. S. Joludev, A. V. Antonov, V. V.
Rumyantsev, V. I. Gavrilenko, V. Ya. Aleshkin, A. A. Du-
binov, N. N. Mikhailov, S. A. Dvoretskiy, O. Drachenko,
S. Winnerl, H. Schneider, and M. Helm, “Study of life-
times and photoconductivity relaxation in heterostructures with
HgxCd1−xTe/CdyHg1−yTe quantumwells,” Semiconductors 46,
1362–1366 (2012).
[13] Isabella Gierz, Matteo Mitrano, Jesse C. Petersen, Cephise Ca-
cho, I. C. Edmond Turcu, Emma Springate, Alexander Stöhr,
Axel Köhler, Ulrich Starke, and Andrea Cavalleri, “Population
inversion in monolayer and bilayer graphene,” J. Phys.: Con-
dens. Matter 27, 164204 (2015).
[14] T. Li, L. Luo, M. Hupalo, J. Zhang, M. C. Tringides,
J. Schmalian, and J. Wang, “Femtosecond population inversion
and stimulated emission of dense Dirac fermions in graphene,”
Phys. Rev. Lett. 108, 167401 (2012).
[15] Matthew S. Foster and Igor L. Aleiner, “Slow imbalance relax-
ation and thermoelectric transport in graphene,” Phys. Rev. B
79, 085415 (2009).
13
[16] Lars Fritz, Jörg Schmalian, Markus Müller, and Subir Sachdev,
“Quantum critical transport in clean graphene,” Phys. Rev. B
78, 085416 (2008).
[17] Andrea Tomadin, Daniele Brida, Giulio Cerullo, Andrea C. Fer-
rari, and Marco Polini, “Nonequilibrium dynamics of photoex-
cited electrons in graphene: Collinear scattering, Auger pro-
cesses, and the impact of screening,” Phys. Rev. B 88, 035430
(2013).
[18] M. Schütt, P. M. Ostrovsky, I. V. Gornyi, and A. D. Mirlin,
“Coulomb interaction in graphene: Relaxation rates and trans-
port,” Phys. Rev. B 83, 155441 (2011).
[19] A. A. Abrikosov and S. D. Beneslavskii, “Possible existence of
substances intermediate between metals and dielectrics,” Sov.
Phys. — JETP 32, 699–708 (1971).
[20] Valeri N. Kotov, Bruno Uchoa, Vitor M. Pereira, F. Guinea, and
A. H. Castro Neto, “Electron-electron interactions in graphene:
Current status and perspectives,” Rev. Mod. Phys. 84, 1067–
1125 (2012).
[21] L. E. Golub, S. A. Tarasenko, M. V. Entin, and L. I. Magarill,
“Valley separation in graphene by polarized light,” Phys. Rev. B
84, 195408 (2011).
[22] FarhanRana, “Electron-hole generation and recombination rates
for Coulomb scattering in graphene,” Phys. Rev. B 76, 155431
(2007).
[23] Ermin Malic, Torben Winzer, Evgeny Bobkin, and Andreas
Knorr, “Microscopic theory of absorption and ultrafast many-
particle kinetics in graphene,” Phys. Rev. B 84, 205406 (2011).
[24] TorbenWinzer and ErminMalić, “Impact of Auger processes on
carrier dynamics in graphene,” Phys. Rev. B 85, 241404 (2012).
[25] E. Malic, T. Winzer, F. Wendler, S. Brem, R. Jago, A. Knorr,
M. Mittendorff, J. C. König-Otto, T. Plötzing, D. Neumaier,
H. Schneider, M. Helm, and S. Winnerl, “Carrier dynamics
in graphene: Ultrafast many-particle phenomena,” Ann. Phys.
(Berl.) 529, 1700038 (2017).
[26] D. Brida, A. Tomadin, C. Manzoni, Y. J. Kim, A. Lombardo,
S.Milana, R. R. Nair, K. S. Novoselov, A. C. Ferrari, G. Cerullo,
and M. Polini, “Ultrafast collinear scattering and carrier multi-
plication in graphene,” Nat. Commun. 4, 1987 (2013).
[27] Faris Kadi, Torben Winzer, Andreas Knorr, and Ermin Malic,
“Impact of doping on the carrier dynamics in graphene,” Sci.
Rep. 5, 16841 (2015).
[28] Farhan Rana, Jared H. Strait, Haining Wang, and Christina
Manolatou, “Ultrafast carrier recombination and generation
rates for plasmon emission and absorption in graphene,” Phys.
Rev. B 84, 045437 (2011).
[29] Gianluca Stefanucci and Robert Van Leeuwen, Nonequilibrium
Many-Body Theory of Quantum Systems: A Modern Introduc-
tion (Cambridge University Press, 2013).
[30] Hartmut Haug and Antti-Pekka Jauho, Quantum Kinetics in
Transport and Optics of Semiconductors (Springer, 2008).
[31] O. Ziep and M. Mocker, “A new approach to Auger recombina-
tion. Application to lead chalcogenides,” Phys. Status Solidi B
98, 133–142 (1980).
[32] David Yevick and Witold Bardyszewski, “An introduction to
nonequilibrium many-body analyses of optical and electronic
processes in III–V semiconductors,” inMinority Carriers In III–
V Semiconductors: Physics and Applications, Semiconductors
and Semimetals, Vol. 39, edited by Richard K. Ahrenkiel and
Mark S. Lundstrom (Elsevier, 1993) Chap. 6, pp. 317–388.
[33] Anatoli Polkovnikov and Georgy Zegrya, “Electron-electron re-
laxation effect on Auger recombination in direct-band semicon-
ductors,” Phys. Rev. B 64, 073205 (2001).
[34] H. Ness, L. K. Dash, M. Stankovski, and R. W. Godby, “GW
approximations and vertex corrections on the Keldysh time-loop
contour: Application for model systems at equilibrium,” Phys.
Rev. B 84, 195114 (2011).
[35] Masumi Takeshima, “Green’s-function formalism of band-to-
band Auger recombination in semiconductors. Correlation ef-
fect,” Phys. Rev. B 26, 917–930 (1982).
[36] Roland Jago, TorbenWinzer, andErminMalic, “Recombination
channels in optically excited graphene,” Phys. Status Solidi B
252, 2456–2460 (2015).
[37] Isabella Gierz, Jesse C. Petersen, Matteo Mitrano, Cephise Ca-
cho, I. C. Edmond Turcu, Emma Springate, Alexander Stöhr,
Axel Köhler, Ulrich Starke, and Andrea Cavalleri, “Snapshots
of non-equilibriumDirac carrier distributions in graphene,” Nat.
Mater. 12, 1119–1124 (2013).
[38] I. Gierz, F. Calegari, S. Aeschlimann, M. Chávez Cervantes,
C. Cacho, R. T. Chapman, E. Springate, S. Link, U. Starke,
C. R. Ast, and A. Cavalleri, “Tracking primary thermalization
events in graphene with photoemission at extreme time scales,”
Phys. Rev. Lett. 115, 086803 (2015).
[39] I. Gierz, “Probing carrier dynamics in photo-excited graphene
with time-resolved ARPES,” J. Electron. Spectrosc. Relat. Phe-
nom. 219, 53–56 (2017).
[40] S. Y. Zhou, G.-H. Gweon, A. V. Fedorov, P. N. First, W. A.
de Heer, D.-H. Lee, F. Guinea, A. H. Castro Neto, and
A. Lanzara, “Substrate-induced band gap opening in epitaxial
graphene,” Nat. Mater. 6, 770–775 (2007).
[41] Cheolho Jeon, Ha-Chul Shin, Inkyung Song, Minkook Kim, Ji-
Hoon Park, Jungho Nam, Dong-Hwa Oh, Sunhee Woo, Chan-
Cuk Hwang, Chong-Yun Park, and Joung Real Ahn, “Opening
and reversible control of awide energy gap in uniformmonolayer
graphene,” Sci. Rep. 3, 2725 (2013).
[42] Aniruddha Konar, Tian Fang, and Debdeep Jena, “Effect of
high-κ gate dielectrics on charge transport in graphene-based
field effect transistors,” Phys. Rev. B 82, 115452 (2010).
[43] Farhan Rana, Paul A. George, Jared H. Strait, Jahan Dawlaty,
Shriram Shivaraman, Mvs Chandrashekhar, and Michael G.
Spencer, “Carrier recombination and generation rates for in-
travalley and intervalley phonon scattering in graphene,” Phys.
Rev. B 79, 115447 (2009).
[44] F. T. Vasko and V. Ryzhii, “Photoconductivity of intrinsic
graphene,” Phys. Rev. B 77, 195433 (2008).
[45] D. C. Elias, R. V. Gorbachev, A. S. Mayorov, S. V. Morozov,
A. A. Zhukov, P. Blake, L. A. Ponomarenko, I. V. Grigorieva,
K. S. Novoselov, F. Guinea, and A. K. Geim, “Dirac cones
reshaped by interaction effects in suspended graphene,” Nat.
Phys. 7, 701–704 (2011).
[46] Aaron Bostwick, Florian Speck, Thomas Seyller, Karsten Horn,
Marco Polini, RezaAsgari, AllanH.MacDonald, andEli Roten-
berg, “Observation of plasmarons in quasi-freestanding doped
graphene,” Science 328, 999–1002 (2010).
[47] Martin M. Rieger, L. Steinbeck, I. D. White, H. N. Rojas, and
R.W.Godby, “TheGW space-timemethod for the self-energy of
large systems,” Comput. Phys. Commun. 117, 211–228 (1999).
[48] James D. Talman, “Numerical Fourier and Bessel transforms in
logarithmic variables,” J. Comput. Phys. 29, 35–48 (1978).
[49] T. J. Bright, J. I. Watjen, Z. M. Zhang, C. Muratore, and A. A.
Voevodin, “Optical properties of HfO2 thin films deposited by
magnetron sputtering: From the visible to the far-infrared,” Thin
Solid Films 520, 6793–6802 (2012).
[50] V. N. Abakumov, V. I. Perel, and I. N. Yassievich, Nonradiative
Recombination in Semiconductors, Vol. 33 (Elsevier, 1991).
[51] TakeshiKoyama, Yoshito Ito, KazumaYoshida,Masaharu Tsuji,
Hiroki Ago, Hideo Kishida, and Arao Nakamura, “Near-
infrared photoluminescence in the femtosecond time region in
monolayer graphene on SiO2,” ACSNano 7, 2335–2343 (2013).
14
[52] T. Plötzing, T. Winzer, E. Malic, D. Neumaier, A. Knorr, and
H. Kurz, “Experimental verification of carrier multiplication in
graphene,” Nano Lett. 14, 5371–5375 (2014).
[53] T. Winzer and E. Malic, “The impact of pump fluence on carrier
relaxation dynamics in optically excited graphene,” Journal of
Physics: Condensed Matter 25, 054201 (2013).
[54] R. S. Deacon, K.-C. Chuang, R. J. Nicholas, K. S. Novoselov,
and A. K. Geim, “Cyclotron resonance study of the electron and
hole velocity in graphene monolayers,” Phys. Rev. B 76, 081406
(2007).
[55] B. Büttner, C. X. Liu, G. Tkachov, E. G. Novik, C. Brüne,
H. Buhmann, E. M. Hankiewicz, P. Recher, B. Trauzettel, S. C.
Zhang, and L.W.Molenkamp, “Single valley Dirac fermions in
zero-gap HgTe quantum wells,” Nature Physics 7, 418 (2011).
[56] B. Holm and U. von Barth, “Fully self-consistent GW self-
energy of the electron gas,” Phys. Rev. B 57, 2108–2117 (1998).
[57] Momchil T. Mihnev, John R. Tolsma, Charles J. Divin, Dong
Sun, RezaAsgari, Marco Polini, Claire Berger, Walt A. DeHeer,
Allan H. MacDonald, and Theodore B. Norris, “Electronic
cooling via interlayer Coulomb coupling in multilayer epitaxial
graphene,” Nat. Commun. 6, 8105 (2015).
[58] Su-Yang Xu, Ilya Belopolski, Nasser Alidoust, Madhab Neu-
pane, Guang Bian, Chenglong Zhang, Raman Sankar, Guoqing
Chang, Zhujun Yuan, Chi-Cheng Lee, Shin-Ming Huang, Hao
Zheng, Jie Ma, Daniel S. Sanchez, BaoKai Wang, Arun Bansil,
Fangcheng Chou, Pavel P. Shibayev, Hsin Lin, Shuang Jia, and
M. Zahid Hasan, “Discovery of a Weyl fermion semimetal and
topological Fermi arcs,” Science 349, 613–617 (2015).
[59] Yasutami Takada, “Role of the Ward identity and relevance of
theG0W0 approximation in normal and superconducting states,”
Mol. Phys. 114, 1041–1049 (2016).
[60] A. Rogister and C. Oberman, “On the kinetic theory of stable
and weakly unstable plasma. Part 1,” J. Plasma Phys. 2, 33–49
(1968).
[61] D. C. Scott, R. Binder, and S. W. Koch, “Ultrafast dephas-
ing through acoustic plasmon undamping in nonequilibrium
electron-hole plasmas,” Phys. Rev. Lett. 69, 347–350 (1992).
[62] Frank Jahnke and Stephan W. Koch, “Many-body theory for
semiconductor microcavity lasers,” Phys. Rev. A 52, 1712–1727
(1995).
[63] R. Geick, C. H. Perry, and G. Rupprecht, “Normal modes in
hexagonal boron nitride,” Phys. Rev. 146, 543–547 (1966).
[64] W. G. Spitzer, D. Kleinman, and D. Walsh, “Infrared properties
of hexagonal silicon carbide,” Phys. Rev. 113, 127–132 (1959).
